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GEOMETRY. 

359. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 

Two tangents are drawn to two confocal parabolas from any point on a common tan- 
gent. Show that the former two tangents and their chord of contact envelop yet another 
confocal parabola. 

I. Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 

Let S be the focus, T the point on the common tangent; TP, TQ the 
tangents to one parabola; TR, TU the tangents to the other parabola; TP, 
IE being the common tangent. Then S, P, Q, R, U, T are concyclic. 

Hence, since this circle passes through S, T, Q, U, it passes through 
the intersections T, Q, U of the three lines TQ, TU, QU. 

.-.The parabola that is tangent to TQ, TU, QU has S for its focus. 
(Todhunter, Conic Sections, Art. 146. ) 

II. Solution by S. LEFSEHETZ, East Pittsburg, Pa. 

First solution [Fig. 1]. Let F be the common focus, T x and D lt T 2 
and D 2 the tangents and directrices of the given parabola; M 
a point on the common tangent; Md 
and Md the two tangents drawn by ordin- 
ary construction to the two parabolas; Ci 
and d their contacts; G\a, and C 2 a 2 the 
perpendiculars drawn from them to the re- 
spective directrices; P x and P 2 their inter- 
section with T\ and T s . By well known 
properties of parabolas we know that FPj 
is perpendicular to MP X . 

■ ■ IFP,T 1 = L^C.P, = LPidF. 
Also, Z FP t T, = I P 2 C 2 F. Now MC, the Fig. 1. 

common tangent, passes through the point where T, and T % meet, since FD 
perpendicular to MC must meet it on both these lines. Therefore in circle 
(drawn on MF as diameter) lDP,F= IDP,F=- IP^C^F^ IP 2 C 2 F. 

••• Z MC 1 C 2 = Z FC, C i =lK i FK 2 since K, F and K 2 F are respective- 
ly perpendicular to FCi and FC 2 . 

.-.Circles circumscribed to triangles K^MR* and C X MC 2 meet both in 
F, and if we apply Simpson's theorem, we find that the perpendiculars 
drawn from F to MC U Md, K^K-i, dC-i have their feet on a straight line. 
Therefore F is the focus of a parabola touching these four lines — one more 
than required. 

Second solution. Transform by reciprocal polars, taking F for center 
of transformation (Fig. 2). Then our conies become circles O and 0\ meet- 
ing in F and in another point A. We have now to prove that MN being a 
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common chord of circles Oand lt passing through 
A, MC and NC, respective tangents in M and N, 
B point where OM and OiiV meet, the five points 
F, B, M, C, N, are on the same circle. That B, 
M, N. C are on the same circle is evident. Then 
IAFM=--ICMA, IAFN=LANC. 

■: Z MFN = Z CM A + Z CNA = 180°- Z C, 
which proves that F is on circle BMNC, and 
therefore the proposition. 

This is in all its generality, for we can readily 
see that B is the transformed of K,K 2 — line join- 




Fig. 2. 



ing points where the tangents meet the respective directrices. 

360. Proposed by G. B. M. ZERR, A. M., Ph. D„ Philadelphia, Pa. 

A circular segment, area A, revolves successively about the diameters 
(fixed) d, d', intersecting at an angle o. If v ^volume about d, v the volums 
about d', then v a -\-v 2 — 2vv cos is independent of the position of the segment. 

Solution by S. LEFSEHETZ, East Pittsburg, Pa., and the PROPOSER. 

Let P be the center of gravity of the segment; EF, its chord; O the 
center of the circle; and AB, CD, the diameters 
d, d', respectively; AAOC=ABOD=e. 

Draw PQ perpendicular to CD, PM per- 
pendicular to AB, QS perpendicular to PM, and 
OR perpendicular to QS. 

Let PQ=a, PO=c, PM=b. 

Then b = PS + SM = PS + OR^acos « + 
V (e*-a') sin 0. v=2* Ab, v'=2* Aa. 

:. v t -J rV ' i -2vv'cos0 = 4:X 2 A S! (a* +b* - 
2a&cos<0 = A. 
a =4 **A* [a 8 + a 2 cos^+2asin * cos ^|/(c 2 -a 8 ) + (c 2 -a a )sin 2 0-2a 2 cos 2 

-2asin0cos V(c 2 -a 2 )]. 
Hence, A=4- 2 .4 2 e 2 sin 2 0. 

Solved similarly by S. G. Barton, J. Scheffer, and A. H. Holmes. 




CALCULUS. 



Remark on 282, by F. H. SAFFORD, Ph. D., University of Pennsylvania. 

The published solution of 282 is incomplete. It is valid for a long box, 
but with a short box, the outer corner, B, may not reach its maximum be- 
fore the corner, A, in Dr. Zerr's figure emerges from the hall. See Fig. 2, 
page 186, October, 1907. In that figure, N is omitted but should be vertic- 
ally above Q. S is the corner vertically under M. In line 2, page 187, omit 
b preceding the word, becomes. 



